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Abstract The Cauchy problem of the relativistic Enskog equation with near-vacuum data is
considered in this paper. Under the same assumption as that in Jiang (J. Stat. Phys. 127:805—
812, 2007) for the relativistic Enskog equation, we obtain the uniform L*-stability of the
solution. What’s more important, is that for two new types of the scattering cross section o,
we give the global existence and L' (x, v)-stability for mild solution when the initial data lies
in the space L'(x, v). As a corollary, we have a BV -type estimate. It is worth mentioning
that the stability results in this paper can be applied to the case in Jiang (J. Stat. Phys.
127:805-812, 2007).
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1 Introduction
We consider the Cauchy problem for the relativistic Enskog equation

{%w-vxfzg(f,f)(x,veR3,t>0), RE)
f((),x, U) :fo(xvv)v

where 0, the relativistic velocity, is defined in terms of the momenta v € R3 by

b= w=+I1+oP (1.1)

Vo

and thus v < 1 for all v. f = f(¢, x, v) denotes the number density of particles with a space
position x and a velocity v at time ¢, and Q(f, f) is the Enskog collision operator.

The Boltzmann equation is one of the most important equations in statistical mechan-
ics, which gives an approximate description of the real behavior of a system of classical
particles with short range interaction. While, the Boltzmann equation is no longer valid for
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moderately or highly dense gases. As a modification of the Boltzmann equation, the En-
skog equation proposed by Enskog [13] in 1921 is usually used to explain the dynamical
behavior of the density profile of moderately or highly dense gases. In fact, different to the
Boltzmann equation, in a binary collision of two rigid spheres, the “Enskog” collision does
not take place at the same point for the two spheres; Enskog assumed that the two distrib-
ution functions at points separated by the distance a equal to the diameter of a sphere. For
the background of Boltzmann equation and Enskog equation, one can refer to [4, 5, 13] and
references therein.

There are many important works on the classical (non-relativistic) Boltzmann equation.
For the mathematical theories on this equation and general references, readers can refer to
[5, 7,10, 15, 22, 27, 33, 34], and the references therein also for the physics backgrounds.

To concentrate on the problems considered in this paper, in the following, we mainly
mention some works on the Cauchy problem for the Enskog equation in infinite vacuum.
Local existence of solutions to the Enskog equation was studied in [26], while global ex-
istence was given in [8, 28, 32]. And Polewczak [28] obtained the existence of a classical
solution. The L!-stability of mild and classical solution for the Boltzmann-Enskog equation
(Y* = 1) was obtained by Cercignani [8] and Ha [21], respectively. For other works about
the modified Enskog equation such as large initial data, normalized solutions, convergence
of the solutions of Enskog equation to those of the Boltzmann equation, one can refer to [1,
2,6, 14, 29, 30] and references therein. For further references, one can see a book [3].

For background on the relativistic equation we mention the books of Cercignani et al. [6],
deGroot et al. [9] and Stewart [31]. The near-equilibrium relativistic Boltzmann equation
admits global smooth solutions [17, 18], and weak solutions are considered in [12].

Although the classical (non-relativistic) Boltzmann equation near vacuum has been heav-
ily studied, the relativistic case has received scant attention. Recently, Glassey [16] proved
global existence of solution to the relativistic Boltzmann equation near vacuum. As the au-
thor stated in [16], the classical near-vacuum problem was solved in the hard-sphere case via
a beautiful trick used in [23, 25] (essentially Galilean invariance: |x — tv'|> + |x — tu'|> =
|x — tv|> + |x — tu|?). It allows one to eliminate in many situations the dependence in esti-
mates on the post-collisional velocities u’, v’. But that device does not work in the relativistic
case. Thus the author in [16] introduced a new weight function for the relativistic Boltzmann
equation, which avoids estimating the terms 0 — v and d — i’ in the collision term. This is
the key observation for the estimates of the collision term. More recently, Jiang [24] ex-
tended the result in [16] to the relativistic Enskog equation under the same assumption on
the scattering cross section o (u, v, w). However, this new weight function brings us new
difficulty to obtain a L' (x, v)-stability of the solution for the relativistic case.

In the present paper, we give the global existence for (RE) using the method in [8] when
the initial data is small and belongs to L'(x,v). In addition, the L'(x, v)-stability and
BV-type estimate of the solution in this paper are obtained. On the other hand, using a
weighted method together with the method in [8], we have another similar existence and
L'-stability under a more general assumption (H2) on o than that in [24]. Lastly, we prove
the solution established in [24] is L*°-stability under the same condition on the scattering
cross section ¢ as in [24] when the initial data has not compact support in x, i.e., the solution
in [24] does not belong to L' (x, v).

To our best knowledge, this is the first work on the stability of solutions for the relativistic
Enskog equation near vacuum. Furthermore, The existence result in Jiang [24] is extended
to those with some new types of the scattering cross section o, at the same time, we obtain
the uniform L'-stability and L>-stability.
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Remark 1.1 The method using in Sect. 3 can’t be used to the relativistic Boltzmann equa-
tion, although the initial data has compact support with respect to x, i.e., the solution lies
in L'(x, v). We can’t obtain a similar estimate as Lemma 3.2 for the relativistic Boltzmann
equation since the function space of the solution in [16] is indeed a L* type.

Remark 1.2 L'-type of estimates for the Boltzmann equation are also important in the con-
text of the Boltzmann theory since L! seems to be the natural space where weak solutions
lie in. Near vacuum solutions naturally lie in the space bounded by Maxwellian distrib-
ution. By constructing some Lyapunov functionals measuring the future collision, Ha in
[19, 20] builded the L'-type of estimates of classical solutions for the Boltzmann equa-
tion. It mainly depends on the decay rate of the collision terms and Gronwall’s inequality.
We can’t obtain the uniform L'(x, v)-stability in time of the solution for the relativistic
Boltzmann equation in [16] using the method in [11, 20], since we can’t get the temporal
decay of the collision terms using the weight function as e~V 1" ¢=1x¥l for the relativis-
tic Boltzmann equation, which is different to e~ =10 for the non-relativistic one. Thus
we only obtain a non-uniform L'(x, v)-stability result as || £ (¢, x, v) — f(t, x, Wiy <
Ce'|l folx,v) — fo(x, V)|l L1 x.v) for the solutions in [16]. The details can be found in the end
of this paper.

The rest of this paper will be organized as follows. First of all, in Sect. 2, we explicitly
write the equation and some assumptions and main results in this paper. In Sect. 3, we prove
the global existence and L' (x, v)-stability of the mild solution. Lastly, in Sect. 4, the L>-
stability of the mild solution in [24] is obtained.

2 Formulations and Main Result

As is standard, we use primes to represent the post-collision velocities. The conservation
laws for momentum and energy are

W+v=ut+v=m, (2.1)
VI P+ T+ WP =1+ uP+V1+ R =e 2.2)

Let us begin by defining the remaining variables in the collision integral. We define
s = (U+ V) = (ug +v0)* — u+ v|* = 2ugvy — 2u - v+ uj + v — [v|?

=2(y/1+ |ulPy/1+ v —u-v+1), (2.3)

4g° = —(U — V)* = —(uo — v0)* + |u — v[* = 2uovg — 2u - v — ug + [u|* — v§ + [v]’

=21+ [uPV1+ P —u-v—1), 2.4)

and
V-U)- (V' -U
cosf = ( ) ). 2.5)
(V-U)?
Furthermore, we define the Mgller velocity as the scalar vy, given by
s(s—4
= lo—aft— o xap="Y_"2

2.2
4vgug
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or

2gy/1+|gl?

Volo

Vm =

(2.6)

There are several representations of the collision operator Q; we will use that in Glassey
[16], which also was used in Appendix II of [17]. So we write the collision operator as
follows.

Q(f’ f):azﬁz /l:vq(uvvsw)[y(p+)f(t5xvv/)f+(t»xvu/)
2 3

—Y(p)f(t,x,v) f_(t,x,u)ldudw
=0+, /)= 0-(f. ), 2.7

where $3 ={w e S?: -0 >w-i}. And

p(t.x) =/ ., v)dv,
R3

p+=pt,x+aw), p-=p(t,x —aw),
f(u):f(t,x,u), f+(u):f(tvx+aw’u)s f*(u):f(tvx_aa)7u)'

If the factors Y+ = Y (p..) are set to be the same positive constant and the diameter a equal
to zero in the density variables, then the relativistic Enskog equation becomes the relativistic
Blotzmann one.

Furthermore, as [16, 17], the scattering kernel ¢ is

_4s@|(w- (D — )]

q(u,v,w)—mo, (28)

where o is the scattering cross section. Then we state the assumptions on o':

(HO) [16, 24] Hypothesis on the scattering cross section o Let w be a unit vector, u, v € R?
and 0 < é < 1. 0 =0 (u, v, w) is to be nonnegative, continuous and satisfy
|w- (D x u)|o(w)

O0<o(u,v,w) < —
g(l+1g»H2*

(2.9)

where 6 (w) is also nonnegative, bounded and continuous and satisfies for some positive
constant b and for every 0 # z € R?,

/ @) < bz (2.10)
w=1 1 +lw-z|

Discussion of (HO) [16, 24] An assumption in (HO) on the decay in g is natural because
of the following inequality [16]:

lq(u, v, )| <881+ gl*0, 2.11

the factor w - (0 x u) appearing in (HO) plays a vital role in the estimates on the gain term in
[16, 24]. As the author remarked in [16], we do not know if the factor represents a physically
realistic situation.

@ Springer



Stability of Global Solution for the Relativistic Enskog Equation 153

Assume that Y7 is locally Lipschitz, i.e.,
[Y*(p) = Y*()| < CR)|lp—rlm. forany p,re Mg, (2.12)

where || - ||y is the norm of function space of the solution, and Mg ={f: || fllm <R,
R > 0}. And C(R) is a positive nondecreasing function on R..
Next, we state the global existence of the mild solution for (RE) in [24].

Theorem 1 Let o, 8 satisfy the Hypothesis (HO) and let Y* be as in (2.12). Consider (RE)
with initial value fy(x,v) satisfying 0 < fo(x,v) € CO(R®) as well as

L1+ |x x 017 folx,v) < co.

Then there exists a positive number € with the property that if cy < €, a uniquely determined
nonnegative global solution f(t,x,v) to the mild form of the Cauchy problem for (RE)
exists. This solution satisfies the estimate

ft,x,v) <ce ™1+ |x x UIZ]’#,

where c is a constant depending only on the initial data.
Now, we give the main results in this paper.

(H1) Hypothesis on the scattering cross section ¢ Let o be a unit vector, u,v € R*. ¢ =
o (u, v, w) is to be nonnegative, continuous and satisfy

(¢ — (@-m)?)?

W, for some k > 0,

o(u,v,w)=:0(e,m,w) <k

which implies
lg(u, v, )| <klw- (0 —a)|. (2.13)
In fact, (2.13) is a key point in the proof of Theorems 2 and 3.
Especially, from the relation in [16]
lq(u, v, w)| < 4ugvolw - (U — )]0 (u, v, w),
1

equation (2.13) is true when |o (1, v, ®)| < om0
We introduce the following function space:

M= {f(t,x, v) : f defined in [0, T'] x R®

with % +0-VefeL'([0,T] xR®; folx,v) € Ll(RG)}

with norm

aof | .
L ar = 11 foll 21 oy + HE +0-Vof

L1([0,T]xRR%)

Obviously, M is a Banach space.
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Theorem 2 Let o satisfy the Hypothesis (H1) and Y* satisfy (2.12). Consider (RE) with
initial value fo(x, v) € L'(R®) as well as

I foCx, V)l L1wsy < Ro, Ro is sufficiently small.

Then there exists a unique global solution f(t, x, v) to the mild form of the Cauchy problem
for (RE). This solution satisfies the estimate

H—-Fv V. f

< Cll folx, v) 1 (rs)
L1([0,T]xR%)

where C is a positive constant independent of the variables t, x, v.
Theorem 3 Let o satisfy the Hypothesis (H1) and Y* satisfy (2.12). Consider two mild

solutions f, f € M with the initial data fy, fo, respectively. Here M is defined as that in
Theorem 2. Then we have the L' (x, v)-stability of the two mild solutions:

ICf = @2, 01wy < Cllfole, v) = folr, W)L 1(rys

where C is a uniform constant with respect to time t.

Next, we give the global existence and L' (x, v)-stability in a weighted space.
Choose a weight function ¢ (v) = (/1 + [v[2)%*H! = 2"‘“ , and denote

1w = / $(v) fdxdv,
¢ R6
We introduce a weighted function space:

M? = (f(t,x, v): f defined in [0, T] x R®

with % +0- Vi f € Ly([0, T1 x R®); fo(x,v) € L;(RG)}

with norm

0
 \o.v,f

||f||M¢ = ”fO”L('p(Rﬁ) + ” Y,

L;([O,T] xR6)

Obviously, M? is a Banach space. We denote Mﬁ ={f: I fllms <R}

(H2) Hypothesis on the scattering cross section &

(140)* (v0)*~!

VR, a >0, forsomer >0.
(I+1gl®)e

o(u,v,w)<r

Theorem 4 Let o satisfy the Hypothesis (H2) and Y* satisfy (2.12). The initial data fy €
Lé(x, v) is appropriately small. Then there exists a global mild solution f € M?.

On the other hand, consider two mild solutions f, f € M? with the initial data f;, f, €
L;g(x, v), respectively. Then there exists a global mild solution in M? for the problem (RE)
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satisfies the weighted L' (x, v)-stability of the two mild solutions:
1O = D50 gy = ClLAG W) = fok 0y s
where C is a uniform constant with respect to time t.

Remark 2.1 Recall the assumption (HO), we know

1 1
N ~ 7.3 -1
o0, @) < |- (D x u)|6(w) - 2ug vy vy o - (v X u)
9 9 p—

g +1g) T [ux v+ lu—vP]2 (1+]g)zt
1
”5”02

= n——71 .
(1 +1g?)2*

for some r; > 0, (2.14)

where we have used the inequality in Lemma 3.1 of [17]:

1
[lu x v]* + |u — v|*]2
— 1 1 °
2.2
2ui vy

(2.15)

From (2.14), we know the Hypothesis (H2) is weaker than (HO). In other words, we indeed
extend the existence result in [24] when the initial data has compact support with respect
to x. Moreover, we obtain the L' (x, v)-stability.

In the end, under the same assumption on o (u, v, w) as that in [24], and the initial data
has not compact support with respect to x, we obtain the following L*°-stability of solutions.

Theorem 5 Let o satisfy the Hypothesis (HO). Consider two mild solutions in Theorem 1

f.fe M with the initial data fo. fo. respectively. Then the L™ (x, v)-stability of the two
mild solutions is established:

I, x,0) = f(t,x,0)] < Cll folx, v) = folx, v)lo,

where C is a uniform constant with respect to time t, and the norms || - ||, || - llo, the space
M are defined in Sect. 4.
3 Existence and L' (x, v)-stability

In this section, under the assumption (H1) or (H2) on o, we prove the global existence and
L' (x, v)-stability of the mild solution for (RE).

3.1 Under the Hypothesis (H1)

Lemma 3.1 If f € M, then there is a function | € L' (R® x R?)

Lf(t,x,v)] <1(x — D1, v), 3.1
1021 g3 xcrzy < I 1l (3.2)
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Proof Let
af .
P, x,v)=—+0v-V,f,
at
one finds
t
f(t,x,v) = folx — 01, v) —i—/ P(s,x — 0t + Us, v)ds. (3.3)
0
Define
T
l(x,v):|f0(x,v)|+/ |P(s, x + Us,v)|ds, (3.4)
0

which implies (3.1). Then from the definition of the norm in M in Sect. 2, we get (3.2). This
proves Lemma 3.1. a

Lemma 3.2 If f € Mg, then Q(f, f) € L'([0, T] x R®) and

1O, Pllrqo.rixeey < C2(RI f Iy (3.5)

where R is given in the definition of the space Mg and C,(R) is a positive nondecreasing
function on R ..

Proof Firstly, we consider the loss term Q_(f, f). From the assumption (2.12) on Y*, we
have

[Y=(N)] < LIRR + Y H(O0)| + Y (0)] := C1(R), (3.6)

where C;(R) is a positive nondecreasing function on R . Then
Q-(f. f)||L1([0,T]xR6)

= a2f Y (p)gu,v,w) f(t,x,v) f(t,x —aw, u)dudwdvdxdt
$3 xRIxRy

<C (R)azf q(u,v,w)l(x —0t,v)l(x —aw — ut, u)dudwdvdxdt
S% xRI xRy
<C, (R)kazf lw - (0 — i)|l(x — 0, V)I(x — aw — it, u)dudwdvdxdt
S2 xROx Ry
<C (R)ka2/ [y, )I(y+ @ —n)t —aw,u)|w- (0 — ia)|dudwdvdxdt
SingxRJr

= Cl(R)k/ [(y,v)I(z,u)dydvdzdu
RO xRO

< G (R g - 3.7)
Here
y=x — 0t, z=y+ @O —u)t —aw,
and we have used the assumption on o (u, v, ®): (H1), and the fact

9z
o(t, w)

=ad’|lw- (0 — ). (3.8)
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On the other hand, the property in [17]

V) T+ 1T+

= , 3.9
a(u, v) V14 u2/14+|v?
which together with (2.8) yields
, o, 0, )
qu,v,0) =qu,v,w) (3.10)

du,v)

Then using the change of variables (v, u") — (v, ) and the same method as above, we can
obtain the same estimate for the gain term Q. (f, f) as that of Q_. In the end, from (3.7)
and Lemma 3.1, we complete the proof of Lemma 3.2. g

Up to now, it is easy to prove a small-data existence result with the quadratic estimates
of the form from Lemma 3.2 in hand.
Define the operator 7 : h — f on My as follows:
Given fy(x,v) € L'(x,v) and h € Mg, f is a solution of
af

E—l—ﬁ'vxf:Q(h,h), [0, x,v) = fo(x,v). (3.11)

By Lemma 3.2, we have

1Q(h, W)l L1 0. 71xm8) < C(R) IR, (3.12)
Hence
a A
H—erv-fo <C®|hl3. (3.13)
ot L1([0, T]xR6)
and
1 e < L foll sy + CR R, (3.14)

So F maps the ball B defined by |25 < R into another ball B; with
R<Ry+C(R)R*<R, (3.15)
if Ry, R are sufficiently small. Then from (3.11) one gets
If = Fllw < Wb+ kil k= kil < 2R[B = hlly- (3.16)

Thus, we find that mapping F is a strict contraction if R is sufficiently small. Using the
standard contraction mapping principle, we get the follow existence result.

Theorem 3.1 Let o satisfy the Hypothesis (H1) and Y* satisfy (2.12). Consider (RE) with
initial value fo(x,v) € L'(R®) as well as

I fox, V)1 sy < Ro,  Ro is sufficiently small. (3.17)

Then there exists a unique global solution f(t, x, v) to the mild form of the Cauchy problem
for (RE). This solution satisfies the estimate

of |«
s -V,
H Py +v f

< C|l fo(x, V)1 (rs)>
L1([0,T]xR0)
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where C is a positive constant independent of the variables t, x, v.

Next, we consider the stability of solution in Theorem 3.1.
From the definition of the norm || - ||3; and (3.3), we find

sup |l fllcrrey < 11f llw- (3.18)

0<t<T

Theorem 3.2 Let o satisfy the Hypothesis (H1) and Y * satisfy (2.12). If two initial data
fo, fo € LY(R) satisfy (3.17), then the corresponding solutions are L'(x, v)-stability:

sup | f — Flliesy < Cllfo — foll L1 s (3.19)

teR+

where C is a positive constant independent of the variables t, x, v.
Proof As (3.16), we have

If = Fllae < Wfo— folligsy + CARNS + Fllaallf = Flln- (3.20)
And
CRIf+ flly <2C(RR <1,
if let R be small enough. Thus we get

If = flim <3 Il fo — foll L1 rs)s (3.21)

—2C(R)R
which together with (3.18) implies (3.19). This proves Theorem 3.2. |

As a corollary of the uniform L' stability for the mild solutions we can obtain a uniform
BV-type estimates. We define difference quotients as follows.

_ f@,x+he,v)— f(t,x,v)

Dh tx,
' F( ) :

where & > 0 is any fixed constant and ¢; is an orthonormal basis of R>.
And set

3
Ve F O ey = D105 F Ol 1x.0)-

i=1

Corollary 3.1 Suppose the main assumption in Theorem 3 holds, and let f be a continuous
mild solution corresponding to small initial data 9, f(0) € L'(R%),i =1,2,3. Then there
exists a positive constant independent of time t such that

1Dy £ (&2, 0) 1y < CIVEF O 21

Furthermore, if V, f (t) exists, we have BV-type estimate:

”fo(t)”L‘(x,v) = C”fo(o)”L](x,v)'

Here C is a positive constant independent of t, x, v.
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Proof From the definition of difference quotients, we find
f, x+he,v)— f(t,x,v)
h

fO,x + he;,v) — f(0,x,v)
h

) (by Theorem 3.2)

h
1Dy, [, x, V)L = ‘

L (x,v)

= Cll9x, Ot x,0)»

=
L1 (x,v)

where we have used the relation between difference quotients and derivatives.
If V, f(¢) exists, we get BV-type estimate:

IV fF O Lt ey = CIV FO L1 ey
Thus, we complete the proof of Corollary 3.1. O

Remark 3.1

1. The proof of the BV-type estimate here is obviously simpler than that in [11, 20].
2. If one gets a classical solution for the problem (RE), using the functionals constructed in
[21], the L'(x, v)-stability of the classical solution for (RE) can be obtained.

3.2 Under the Hypothesis (H2)

In this subsection, we obtain the global existence and L!-stability under the hypothesis (H2)
by choosing the weight function ¢ (v) defined in Sect. 2.

Recall the weight function ¢ (v) = (v/1+ [v[?)%**! = v2*™! and the weighted function
space:

M? = {f(t,x, v) : f defined in [0, T] x R®
with % +0- Vo f € Ly([0, T1 x R®):; fo(x,v) € L(},(R(’)}

with norm

’

af .
—4+v- fo
t L} (10.T1xRS)

d

1 e = 1 foll mey + ”
where
1ty = / () fdxdv.
¢ R6
Obviously, M? is a Banach space. We denote M? = {f: I fllye <R}
Lemma 3.3 If f € M?, then there is a function | € L' (R? x R?)

|F @t x,v)|=1¢@) [ x, )| <p@)I(x —01,v), (3.22)
¢ Wl @3 xr3y < 1f o (3.23)
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Proof Let
oF
d(W)P(t,x,v) = o1 +v-V,F,
one finds
t
F(t,x,v) = Fy(x — 0t,v) +/ (V)P (s, x — 0t + 0s, v)ds. (3.24)
0
Define
T
l(x,v)=|f0(x,v)|—|—/ |P(s, x + Us,v)|ds, (3.25)
0

which implies (3.22). Then from the definition of the norm for the space M?, we get (3.23).
This proves Lemma 3.3. ]

Lemma 3.4 If || fll,s < R, then O(f, f) € L'([0, T] x R®) and

lp @) QS PllLto.rixms) < C3(RILf I35 (3.26)

Here C3(R) is a positive nondecreasing function on R, .

Proof Firstly, we consider the loss term Q_(f, f). From the assumption (2.12) on Y*, we
have

[Y5(N)] < LROR + YT (O) + Y~ (0)] := C1(R), (3.27)

where C;(R) is a positive nondecreasing function on R, .
By direct calculation, we know

NENE 21+ [v2

= <r, (3.28)
VIHUPA+1gP) I+ P/ T+ PP+ P —u-v+1)
where r; is a positive constant independent of u, v.
From (3.28), the assumption (H2) and the fact in [16]
q(u, v, ®) <4duovoo|w- (v — ), (3.29)

we get when o > 0
le () Q- (s L qo.rixrs

= az/ Y (p)p(w)gu,v,w) f(t,x,v) f(t,x —aw,u)dudwdvdxdt
SixR9xR+

<C (R)aZ/ o (W)q(u, v, w)l(x — vt,v)l(x —aw — it, u)dudwdvdxdt
S% xRIxRy
a+tl, o
2 Uy Yy A A A
<Ci(R)a ﬁlar(v—uﬂqb(v)l(x—vt, v)
ST xRIxR4 U (I+ g%

x ¢ ()l (x —aw — ut, u)dudwdvdxdt
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_ 2 % .
=Ci(R)a /sixR%JRq WS+ 1P |- (U — )| ()l (x —vt,v)
x o)l (x — aw — ut, u)dudwdvdxdt
= Cs(R)az/ Py, VIPWI(y + (0 — i)t — aw, u)
S% xRIxRy

X |w - (0 — it)|dudwdvdxdt
= CS(R)/ dW(y, V)P W)l(z, u)dydvdzdu
RO x RO

< C3(RIBLIT 1 s, - (3.30)

Here
y=x—1t, z=y+ @0 —u)t —aw,

and we have used the fact

0z
o(t, w)

On the other hand, the property in [17]

=ad’|lw- (0 — i) (3.31)

. V) T+ P/

= , (3.32)
a(u, v) V1 u2/1+ ]2
which together with (2.8) yields
8 /, /
gu,v,0)=qW', v, w) @, v) (3.33)

Au,v)

Then using the change of variables (v, u") — (v, 1) and the same method as above, we can
obtain the same estimate for the gain term Q. (f, f) as that of Q_. In the end, from (3.30)
and Lemma 3.3, we complete the proof of Lemma 3.4. O

Then a same process as in Sect. 3.1 suffices to complete the proof of Theorem 4.

4 L Stability of the Solution in Theorem 1

In this section, we consider L™ stability of two mild solutions obtained in [24]. The reason
is stated in the following remark.

Remark 4.1 The solution f in Theorem 1 need not be integrable in x. But if one gives an
additional assumption that the initial value fy(x, v) has compact support in {x : |x| <k,
k > 0}, it can be seen from the representation that the gain and loss terms (and hence the
solution f as well) each has support in {|x| < k + t}. Therefore the solution is integrable
in x and v under this additional assumption. While, without this additional assumption, we
only give L™ stability of two mild solutions obtained in [24].
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The function space of the solution in [24] is as follows. Denote

:{feC°<[o,oo>xR6>:||f||zsupe‘“°'[1 e x 1'% |f(zxv)|<oo}

t,x,v

and || follo = sup, ,[1+|x x v|? ] 1 luol | fo(x, v)|. For simplicity, we denote weight function
Wi(x,v) as

W(x,v)=e ™1+ |x x v|2]_#.

From now on, fi(¢,x,v) = f(t, x + 0t, v).

Lemma 4.1 Let hypothesis (HO) hold. For any t > 0 and f*, f* e M there is a constant
C(R) independent of t, x, v for which

f 1QL(f, DI(D)dT < C(RYW x, I FAILFEII. “.1)
0

Theorem 4.1 Let fo(x v) and fo(x v) be two nonnegative functions such that
max {|| follo, ||f0||0} < W’ and suppose that f and f are the nonnegative solutions for

the Cauchy problem (RE) to initial value fy and f,, respectively. Then
I.fo = follo

o _ 7 4.2
1 = I = T 2@ umax 1 follo- 1 7oloD) -

1-/1-8C(R)t

2R and C(R) is given in Lemma 4.1.

where u(t) =

Proof By the formulas of f* and f*, we have
(F = PP x ) = (o= fo)x, ) +/0 0L(f = F =0 (f = F. )
+ QLS. f— N — QO (f. f— Plds. (4.3)
Using Lemma 4.1 and (4.3), it is easy to see that
I(f = D@, x, o) < 1 fo— fol + CRORILI+20FINS = FIW (x, v). (4.4)
We know
Fi <uf., Fo <uf).

where u is from the beginning condition in the proof of the positivity of the mild solution
using Kaniel-Shinbrot iterative scheme [23, 25], i.e

L) <@ <ul () <ul(r), tel0,00). 4.5)

Without loss of generality, we let ufj(r) = u(|l follo) W (x, v), it5(t) = u(ll foll) W (x, v),
1—=4/1=8C(R)Il follo

where w(ll follo) = c®
Consequently, || £l < (Il follo), I £l < u(ll follo). Then from (4.4), we get

If = £l <N fo— follo +4C(R)max {u(ll follo), (ll foll)ILf — FII. (4.6
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From the definition of w(t), we have
wdll follo) =2l follo,  #/(v) >0,

which implies 4C (R)[max{z (|l follo), (Il follo)}] = 4C (R)pe(max{l| follo, Il follo}) < 1. So

1

o — follo- 4.7
1 —4C(R)p(max{| follo. Il follo}) ll.fo = follo (4.7

If=fll<

This completes the proof. |

A problem  The method in this section can be used to the relativistic Boltzmann equation
near vacuum [16]. But we can’t obtain uniform L'(x, v)-stability of the solution in [16]
although the initial data has compact support with respect to x, i.e., the solution f (¢, x,v) €
L'(x,v).

In fact, after taking difference of two solutions and change of variables, the L'(x,v)-
stability lays on a Gronwall’s inequality:

||(f—f)(t,x+ﬁt, v)”Ll(x,u) = ||f0_ﬁ)||L1(.x,v)+/(; )"(S)||(f_f)(s7x+i)sv v)”Ll(x,v)ds’

where A(s) is

~ EpE)
sup/ g, v, w)e ™1+ |(x x u) +s(d x u)|*] 3 dudw.
xu JSE xR}
One can’t obtain time decay of A(s) although |x| < b, for some b > 0.

On the other hand, if one changes the weight function with respect to x by a exponential one
as e *¥Iand based on the initial data having compact support in x, by the same procedure
the temporal decay rate with respect to # can be obtained because of e~ 1+t < elale=Ibl,
Concretely, we can get the temporal decay rate from

sup/ q(u, v, w)e” *VU0 exp(—|(x x u) + (D X u)|)dudw,
S3 xRy

X,V

so we have the uniform L' (x, v)-stability.

Unfortunately, for this kind of weight function, we can’t get global existence of the mild
solution as that in [16].

Thus, choosing some new weight functions to obtain both global existence and L'-
stability for the relativistic Boltzmann equation near vacuum is a problem.
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constant encouragement.

References

1. Arkeryd, L.: On the Enskog equation in two space variables. Trans. Theor. Stat. Phys. 15, 673-691
(1986)
2. Arkeryd, L.: On the Enskog equation with large initial data. SIAM J. Math. Anal. 21, 631-646 (1990)

@ Springer



164 Z. Wu

3. Bellomo, N., Lachowicz, M., Polewczak, J., Toscani, G.: Mathematical Topics in Nonlinear Kinetic
Theory II. Series on Advances in Mathematics for Applied Sciences, vol. 1. World Scientific, Singapore
(1991). ISBN 981-02-0447-7. MR1119780 (92m:82110)

4. Boltzmann, L.: Weitere Studieniiber das Wiarmegleichgewicht unter Gasmolekiilen. Sitzungsber. Akad.
Wiss. Wien 66, 275-370 (1872)

5. Cercignani, C.: The Boltzmann Equation and its Applications. Springer, New York (1988)

6. Cercignani, C., Kremer, G.: The Relativistic Boltzmann Equation, Theory and Applications. Birkhauser,
Boston (2002)

7. Cercignani, C., Illner, R., Pulvirenti, M.: The Mathematical Theory of Dilute Gases. Springer, New York
(1994)

8. Cercignani, C.: Small data existence for the Enskog equation in L. 7. Stat. Phys. 51, 291-297 (1988)

9. de Groot, S.R., van Leeuwen, W.A., van Weert, C.G.: Relativistic Kinetic Theory. North-Holland, Ams-
terdam (1980)

10. DiPerna, R., Lions, PL.: On the Cauchy problem for Boltzmann equations: global existence and weak
stability. Ann. Math. 130, 321-366 (1989)

11. Duan,R.J., Yang, T., Zhu, C.J.: LY and BV-type stability of the Boltzmann equation with external forces.
J. Differ. Equ. 227, 1-28 (2006)

12. Dudynski, M., Ekiel-Jezewska, M.: Global existence proof for relativistic Boltzmann equation. J. Stat.
Phys. 66, 991-1001 (1992)

13. Enskog, D.: Kinetische Theorie. Kgl. Svenska Akad. Handl. 63(4) (1921) [English transl. in S. Brush,
Kinetic Theory, Vol. 3 (Pergamon Press, New York, 1972)]

14. Esteban, M.J., Perthame, B.: On the modified Enskog equation for elastic and inelastic collisions, models
with spin. Ann. Inst. H. Poincare Anal. Non Linaire 8, 289-308 (1991)

15. Glassey, R.: The Cauchy Problem in Kinetic Theory. SIAM, Philadelphia (1996)

16. Glassey, R.: Global solutions to the Cauchy problem for the relativistic Boltzmann equation with near-
vacuum data. Commun. Math. Phys. 26, 705-724 (2006)

17. Glassey, R., Strauss, W.A.: Asymptotic stability of the relativistic Maxwellian. Publ. RIMS, Kyoto Univ.
29, 301-347 (1993)

18. Glassey, R., Strauss, W.A.: Asymptotic stability of the relativistic Maxwellian via fourteen moments.
Trans. Theor. Stat. Phys. 24, 657-678 (1995)

19. Ha, S.Y.: L! stability of the Boltzmann equation for the hard sphere model. Arch. Ration. Mech. Anal.
173, 25-42 (2004)

20. Ha, S.Y.: Nonlinear functionals for the Boltzmann equation and uniform stability estimates. J. Differ.
Equ. 215, 178-205 (2005)

21. Ha, S.Y.: Lyapunov functionals for the Enskog-Boltzmann equation. Indiana Univ. Math. J. 54,997-1014
(2005)

22. Hamdache, K.: Quelques résultats pour 1’équation de Boltzmann. C. R. Acad. Sci. Paris I 299, 431-434
(1984)

23. Illner, R., Shinbrot, M.: The Boltzmann equation, global existence for a rare gas in an infinite vacuum.
Commun. Math. Phys. 95, 217-226 (1984)

24. Jiang, Z.L.: Global solution to the relativistic Enskog equation with near-vacuum data. J. Stat. Phys. 127,
805-812 (2007)

25. Kaniel, S., Shinbrot, M.: The Boltzmann equation, uniqueness and local existence. Commun. Math.
Phys. 58, 65-84 (1978)

26. Lachowicz, M.: On the local existence and uniqueness of solution of initial-value problem for the Enskog
equation. Bull. Pol. Acad. Sci. 31, 89-96 (1983)

27. Polewczak, J.: Classical solution of the nonlinear Boltzmann equation in all R3: asymptotic behavior of
solutions. J. Stat. Phys. 50, 611-632 (1988)

28. Polewczak, J.: Global existence and asymptotic behavior for the nonlinear Enskog equation. SIAM J.
Appl. Math. 49, 952-959 (1989)

29. Polewczak, J.: Global existence in L! for the modified nonlinear Enskog equation in R3. 1. Stat. Phys.
56, 159-173 (1989)

30. Polewczak, J.: Global existence in L! for the generalized Enskog equation. J. Stat. Phys. 59, 461-500
(1989)

31. Stewart, J.: Non-Equilibrium Relativistic Kinetic Theory. Lecture Notes in Physics, vol. 10. Springer,
New York (1971)

32. Toscani, G., Bellomo, N.: The Enskog-Boltzmann equation in the whole space R3: Some global exis-
tence, uniqueness and stability results. Comput. Math. Appl. 13, 851-859 (1987)

33. Ukai, S.: Solutions of the Boltzmann equation. Stud. Math. Appl. 18, 37-96 (1986)

34. Villani, C.: A review of mathematical topics in collisional kinetic theory. In: Fridlander, S., Serre, D.
(eds.) Handbook of Fluid Mechanics (2002)

@ Springer



	Stability of Global Solution for the Relativistic Enskog Equation near Vacuum
	Abstract
	Introduction
	Formulations and Main Result
	(H0) Glassey2,Jiang Hypothesis on the scattering cross section sigma
	Discussion of (H0) Glassey2,Jiang
	(H1) Hypothesis on the scattering cross section sigma
	(H2) Hypothesis on the scattering cross section sigma

	Existence and L1(x,v)-stability
	Under the Hypothesis (H1)
	Under the Hypothesis (H2)

	L Stability of the Solution in Theorem 1
	A problem

	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


